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Jacobian matrix

e Two functions f(x,y), g(x, y) with two parameters x, y
fx,y) = 3x%
glx,y) = Bxy+y°

e Jacobian matrix (numerator layout):

of (x, of (x,
N ENE

Ve(x,y) O(ry)  Oa(x)
_ [ 32
B 5y  5x+3y?

e Jacobian matrix (denominator layout):

- of(x,y) 3géx7y)
JT=1 ol a5y
Oy

Oy
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Jacobian: Generalization

e y = f(x): a vector of m scalar-valued functions that each takes a
vector x

yi = f(x)

Ym = fm(x)

@ Jacobian matrix: has m rows for m equations.

oy _ [ VAOI] T Ak
Ox | Vin(x) %fm(x)
[ of(x) - fA(x)
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Jacobian: Generalization

vector
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scalar
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Vector chain rule

@ Jacobian is the multiplication of two other Jacobians

0 f(g(x) of Og

N X — - =

ox & Jg Ox
ofn . 0f O;r .. Om
g1 gk Ox1 Oxn
Ofy ., Ofm dgk ... Osk
g1 08k Ox1 Oxn
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Vector chain rule: Example

o y="F(x)

= =LA =[5

e y = f(g(x)): introduce two intermediate variables g1, g»:
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Jacobian: Generalization

vector
scalar x
vector vector
a __ Of O0g -
xi(gx) = B O scalar u u
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MLP with single hidden layer: Notation

@ For simplicity, a network has single hidden layer only
o oy k-th output unit, h;: j-th hidden unit, x;: i-th input
o uy;: weight b/w j-th hidden and k-th output
o wj: weight b/w i-th input and j-th hidden
o Bias terms are also contained in weights

O 68? olke

m=—1 hm

O

>
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O
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MLP with single hidden layer: Matrix notation

= max(Wx,0)
o = softmax(Uh)
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Typical Setting for Classification

K: the number of labels

Input layer: Input values (raw features)
Output layer: Scores of labels
Softmax layer: 0 = softmax(v)

exp(vk) _ exp(vk)

> exp(vi) 4

Ok =

0% UK Output layer
O O O (with softmax)

pi Yr=1 Y

O O O O Hidden layer

01

O

17
v

OF

<

O O 0O O O O Input layer
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Learning as Optimization

Training data: 7 = {(x;, ¥i), -, (Xn, ¥n)}
e X;: i-th input feature vector
o y; (or y;): i-th target label
Parameter: 8 .= {W, U}
o Weight matrices: Input-to-hidden, and hidden-to-output

Objective function (= Loss function)
o Take Negative Log-likelihood (NLL) as Empirical risk

J(0) = Loss(T, 0) Z logP (y|x)
(x,y)eT

Training process
e Known as Empirical risk minimization

0" = argmingJ(0)
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Optimization by Gradient Method

@ Gradient Descent:

oJ
oJ
5 = E [~logP(y[x)]
06 (x.y)

@ Batch algorithm
o Expectations over the training set are required
e But, computing expectations exactly is very expensive, as it evaluates
on every example in the entire dataset

@ Minibatch algorithm
e In practice, we compute these expectations by randomly sampling a
small number of examples from the dataset, then taking the average

over only those examples
e Using exact gradient using large examples does not significantly reduce
the estimation error: Slow convergence
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Stochastic Gradient Method

© Randomly a minibatch of m samples {(x, y)} from training data
@ Define NLL for {(x;, yi)}

> log (yilx)

1<i<m

© Compute derlvatlves for Web
@ Update weight matrix for W € 6:

W« W — naavjv

Iterate the above procedure until stopping criteria is satisfied
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Logistic regression for binary classification

@ (x,y): a training example for binary classification where y € {0,1}

o Logistic regression function:
o(x)=o0 <wa + b)
which is rewritten to:
z = wix+b
o = o(2)
@ J: the log-likelihood on (x, y)
J = ylog (o) + (1 — y)log (1 — o)
o 'y 1-y

o o 1-o
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Logistic regression: Deriv J wrt w

0z T
ow
gg — ()1 -0 (2) = o(1— o)

All together lead to:

oJ 0J 0o 0z

ow 9o 0z Ow

- <£—1:ﬁ>-dl—®xT
= (y—o)x"
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Logistic regression for multi-class classification

@ K: the number of labels
@ (x,k): a training example where k € {1,--- K}
@ Logistic regression function:

o (x) = softmax (Wx + b)
which is rewritten to:
z = Wx+b
o = softmax(z)

where softmax (z) = exp(z)/ >, exp(z;) = exp(z)/Z
@ J: the log-likelihood on (x, k)

J =y log (o)
where y is one-hot encoding for target label.
y=1[0---1---0]"
where y; = Z(i = k) where k is the target label.
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Logistic regression: Deriv J wrt W

oJ [
do '8oj] _ | exp(z) (20 = ) - X exp(zi) — exp(z,-))]
0z L 9z; | ; P exp(z4))? i
 Jexp(z) (Z(i=j)-Z —exp(z))] o T(i= 1) — o0
= i (Z)2 ]U—[J Z(i =J) IJ]ij
Thus, we have:
0J  0Joo
8z ~ Hodz
B 1 exp(z) (Z(i = j) - Z — exp(zi))
B [O Ok 0} [ (2) L
= [Z(l=k)—o1 -+ 1—ox -+ I(K=k)— ok |
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Logistic regression: Deriv J wrt W (Cont.)

Given z = Wx + b,

82,' o T
8Wi* -
where W, is i-th row vector of W.
0J 0J 0z . NoT
W~ amow, U=k o)
Finally, this leads to:
r_oJ T
IZ(1=k)—o01)x
o | | (Z( ) 1)
oW o :
i a\(/avJK* (Z(K = k) — ok) x"
[ (Z(1=K)— o)
| i
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MLP with single hidden layer: Log-likelihood

= max(Wx,0)
o = softmax(Uh)

@ J: the log-likelihood on single example (x,y)
J = y'llog(o)
@ y: one-hot encoding for target label.

y=1[0---1---0]"

0::0..0

where y; = Z(i = k) where k is a target label.
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Derivative of J wrt Output layer

v = Uh

o = softmax(v) = exp(v) :eXP(V)

> exp (vi) 4

J = y'log (o)

aJ [ 1
3 = _0 e 0}
do  _ '(90]] _ exp(v;) (Z(i = j) - >, exp(vi) — exp(v,-))]
o LoVl (X k exp(vi))? p
 [ep(y) (T =) - Z — exp(w))
(2)?

i
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Derivative of J wrt Output layer (Cont.)

o) _ 2Joe
v Dodv
~ jo & o] [exp(‘/j)(z(i:j)'Z—exp(v,))}
L Ok (2)2 ;
_ ... 2 0] [eXP(‘G)(I(f:j)'ZeXp(Vi))}
B 2
L exp(vk) (2) ;
- :_%(w) 1ol _%}
= [_01 ]-_Ok _OK]

o Let 6(° be the error signal for output layer:

aJ
6(0)::a:[_01 1_Ok _OK]

Here, note that 5(°) is a row vector.
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Error propagation to hidden layer

@ Hidden-to-output: v = Uh

ov

on ~ Y

o Let 6 be the error signal for hidden layer

st 94 _0Jov
= 9h ovon
= 60U
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Deriv of J wrt hidden-output weight matrix U

o Hidden-to-output: v = Uh

vi = Uph=> u;-h
J

8V,'

oU; h" 0i
i* . jS,,
where U, is i-th row vector of U. /’&1’1
hy 1-’ o
= — =0: ] m
8U,-* 8V,' 8U,'* !
U
) _ . T () THT
= : = : h 0 h
ou aJ (0)
8UK* 5K
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Error prop to input layer

@ Input-to-hidden layer: z=Wx h = max(z,0)

h Z(zy > 0) --- 0
5 = : : = diag (Z(z; > 0))
0 oo I(zm>0)
0z
 — w
o Let 69 be the error signal for the pre-activated hidden layer
0  0Joh
(2) — sy .
0 92 = 9h 92 0" diag (Z(z; > 0))

o Let 6™ be the error signal for input layer

0 0Johoz

60 = = e = "W diag (Z(z > 0)) W
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Deriv of J wrt input-hidden weight matrix W

@ Input-to-hidden layer: z = Wx

zi = Wix= Z wjj - X; R
j O
82,' . xT 17"‘
8Wi* B
h1 h’i hm
where W, is i-th row vector of W. O Q O
T 41 Zm
o0J 0J 0z 5@ T /fv
= R = h l
OW, 0z OW;, ' X1/ X "\,
o z
S 5 O OO
oJ . T _ s(27T,T
— = : = x' =6 X
oW 0J ()
OW s 5m
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Discussion

o Here, error messages such as 6(°), §(") are row vectors

o But, we can define (), §(" as column vectors and derive backprop
again.

@ In this case, only the slight modification on error prop is necessary
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