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: 

Åfn = fn-1 + fn-2

Å

ïDynamic programming



- 7 -

Recursive Algorithm

fib(n) 

{ 

if (n = 1 or n = 2) 

then return 1; 

else return (fib(n-1) +fib(n-2)); 

} 

V
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DP Algorithm

fibonacci(n) 

{ 

f[1] Ŷ f[2] Ŷ 1; 

for i Ŷ 3 to n

f[ i] Ŷ f[i-1] +f[i-2]; 

return f[n]; 

} 

VŪ(n) 
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DP

ÅOptimal substructure

ï

ÅOverlapping recursive calls

ï

DP !
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Recursive Algorithm

pebble(i, p)

i p i 

w[i, p] : i p i .  p {1, 2, 3, 4}

{

if (i = 1) 

then return w[1, p] ;

else{

max Ŷ  Ð̀ ;

for qŶ 1 to 4 {

if ( q p )

then {

tmp Ŷ  pebble(i 1̍, q) ;

if (tmp > max)thenmax Ŷ tmp ;

}

}

return (w[i, p] + max) ;

}

}



- 18 -

pebbleSum(n)

n 

{

return max { pebble(n, p) } ;

}

Vpebble(i, 1), é, pebble(i, 4) 

p =1,2,3,4



- 19 -

peb(4,3)

peb (3,1) peb(3,2)

peb(2,3) peb(2,1)

peb(1,1)peb(1,3) peb(1,4) peb(1,1) peb(1,2) peb(1,2) peb(1,3)

peb(5,1)

peb(1,1)

peb(4,2)

peb (3,1) peb(3,3) peb(3,4)

peb(2,3) peb(2,1)

peb(1,1)peb(1,3) peb(1,4) peb(1,1) peb(1,2) peb(1,3) peb(1,4)peb(1,2) peb(1,3)

peb(2,2)

peb(2,2) peb(2,2) peb(2,2)

peb(1,1) peb(1,3) peb(1,4)

peb(2,3)

peb(1,1) peb(1,2)

peb(2,4)

peb(1,2)

Call Tree



- 20 -

DP

ÅDP

ïOptimal substructure

Åpebble(i, .) pebble(i-1, .)

Å , 
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DP

pebbleSum(n)
{

for pŶ 1 to 4 

peb[1, p] Ŷ w[1, p] ;

for i Ŷ 2 to n {        

for pŶ 1 to 4 {

peb[i, p] Ŷ w[i, p] + max{peb[i-1, q]} ;

}

return max { peb[n, p] } ;

} 

q p

p =1,2,3,4

V : O(n)
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3 

n

4 

Complexity

pebbleSum(n)
{

for pŶ 1 to 4 

peb[1, p] Ŷ w[1, p] ;

for i Ŷ 2 to n {        

for pŶ 1 to 4 {

peb[i, p] Ŷ w[i, p] + max{peb[i-1, q]} ;

}

return max { peb[n, p] } ;

} 

q p

p =1,2,3,4

VComplexity: O(n) n * 4 * 3 = O(n)
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Recursive Algorithm

matrixPath(i, j) 

(i, j)

{ 

if (i = 1 and j = 1) then return mij; 

else if(i = 1) then return (matrixPath(1, j-1) + mij); 

else if(j = 1) then return (matrixPath(i-1, 1) + mij); 

else return ((min(matrixPath(i-1, j), matrixPath(i, j-1)) + mij); 

} 
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DP

matrixPath(i, j) 

(i, j)

{ 

c[1,1] Ŷ m11 ; 

for i Ŷ 2 to n

c[i,1] Ŷ  mi1 + c[i-1,1]; 

for j Ŷ 2 to n

c[1, j] Ŷ m1j + c[1, j-1]; 

for i Ŷ 2 to n

for j Ŷ 2 to n

c[i, j] Ŷ mij + min(c[i-1, j], c[i, j-1]); 

return c[n, n]; 

} 

VComplexity: O(n2)
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3: Matrix -Chain Multiplication

ÅMatrices A, B, C

ï(AB)C = A(BC)

Å : A:10ȵ100, B:100ȵ5, C:5ȵ50

ï(AB)C: 7500

ïA(BC): 75000

ÅA1, A2, A3, é, An ?
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Recursive Relation

Å matrix multiplication

ïn-1 

Å(A1é An-1)An

Å(A1é An-2) (An-1An)
Å̯d̯d̯
Å(A1A2)(A3é An)

ÅA1(A2é An )

ï ?
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V m[i, j]: A i, Ai+1, é, Aj

V Ak : pk-1pk

0                                                         , i=j

min {m[i, k] + m[k+1, j] + pi-1pkpj}   , i<j
i Ò k Ò j-1

m[i, j] =
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Recursive Algorithm

rMatrixChain(i, j) 

{

if (i = j) then return 0; 0

min Ŷ Ð; 

for kŶ i to j-1 { 

qŶ rMatrixChain(i, k) + rMatrixChain(k+1, j) + pi-1pkpj;

if (q < min) thenmin Ŷ q; 

} 

return min; 

}

V !
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DP

matrixChain(i,  j) 

{

for i Ŷ 1 to n

m[i, i] Ŷ 0; 0 

for r Ŷ 1 to n-1 = r+1

for i Ŷ 1 to n-r { 

jŶ i+r;
m[i, j] Ŷ min {m[i, k] + m[k+1, j] + pi-1pkpj} ;

} 

return m[1, n];
}

i Ò k Ò j-1

VComplexity:�, (n3)


