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Revisiting the Socrates Example
·We have the two premises:

·Ȱ!ÌÌ ÍÅÎ ÁÒÅ ÍÏÒÔÁÌȢȱ

·Ȱ3ÏÃÒÁÔÅÓ ÉÓ Á ÍÁÎȢȱ

·And the conclusion: 

·Ȱ3ÏÃÒÁÔÅÓ ÉÓ ÍÏÒÔÁÌȢȱ

·How do we get the conclusion from the premises?



The Argument
·We can express the premises (above the line) and the 

conclusion (below the line) in predicate logic as an 
argument:

·We will see shortly that this is a valid argument.



Valid Arguments 
· We will show how to construct valid arguments in 

two stages; first for propositional logic and then for 
predicate logic. The rules of inference are the 
essential building block in the construction of valid 
arguments. 

1. Propositional Logic

Inference Rules

2. Predicate Logic

Inference rules for propositional logic plus additional inference 
rules to handle variables and quantifiers.



Arguments in Propositional Logic
·A argument in propositional logic is a sequence of propositions. 

All but the final proposition are called premises. The last 
statement is the conclusion. 

·The argument is valid if the premises imply the conclusion.  An 
argument form is  an argument that is valid no matter what 
propositions are substituted into its propositional variables.    

·If the premises are  p1 ,p2ȟ ȣȟpn and the conclusion is q then               

(p1 ᷈ p2᷈ ȣ ᷈ pn ) ᴼq is a tautology.

·Inference rules are all argument simple argument forms that will 
be used to construct more complex argument forms.



Rules of Inference for Propositional 
Logic: Modus Ponens

Example:
Let pÂÅ Ȱ)Ô ÉÓ ÓÎÏ×ÉÎÇȢȱ
Let qÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ

Ȱ)Æ ÉÔ ÉÓ ÓÎÏ×ÉÎÇȟ  ÔÈÅÎ ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ
Ȱ)Ô ÉÓ ÓÎÏ×ÉÎÇȢȱ

Ȱ4ÈÅÒÅÆÏÒÅ ȟ ) ×ÉÌÌ  ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ

Corresponding Tautology:
(p ᷈  p O q  ᴼ q



Modus Tollens

Example :
Let pÂÅ ȰÉÔ ÉÓ ÓÎÏ×ÉÎÇȢȱ
Let qÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ

Ȱ)Æ ÉÔ ÉÓ ÓÎÏ×ÉÎÇȟ  ÔÈÅÎ ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ
Ȱ) ×ÉÌÌ ÎÏÔ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ

Ȱ4ÈÅÒÅÆÏÒÅ ȟ ÉÔ ÉÓ ÎÏÔ ÓÎÏ×ÉÎÇȢȱ

Corresponding Tautology:
(¬ q᷈p qO pO



Hypothetical Syllogism

Example :
Let pÂÅ ȰÉÔ ÓÎÏ×ÓȢȱ
Let qÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ
Let r ÂÅ Ȱ) ×ÉÌÌ ÇÅÔ ÁÎ !Ȣȱ

Ȱ)Æ ÉÔ ÓÎÏ×Óȟ  ÔÈÅÎ ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ
Ȱ)Æ ) ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȟ ) ×ÉÌÌ ÇÅÔ ÁÎ !Ȣȱ

Ȱ4ÈÅÒÅÆÏÒÅ ȟ )Æ ÉÔ ÓÎÏ×Óȟ ) ×ÉÌÌ ÇÅÔ ÁÎ !Ȣȱ

Corresponding Tautology:
((p O q  ᷈(Ñ rO pOᴼ r)



Disjunctive Syllogism

Example :
Let pÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ
Let qÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ %ÎÇÌÉÓÈ ÌÉÔÅÒÁÔÕÒÅȢȱ

Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈ ÏÒ ) ×ÉÌÌ ÓÔÕÄÙ %ÎÇÌÉÓÈ ÌÉÔÅÒÁÔÕÒÅȢȱ
Ȱ) ×ÉÌÌ ÎÏÔ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ

Ȱ4ÈÅÒÅÆÏÒÅ ȟ ) ×ÉÌÌ ÓÔÕÄÙ %ÎÇÌÉÓÈ ÌÉÔÅÒÁÔÕÒÅȢȱ

Corresponding Tautology:
(¬ p᷈p q᷉ qO



Addition

Example :
Let pÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ
Let qÂÅ Ȱ) ×ÉÌÌ ÖÉÓÉÔ ,ÁÓ 6ÅÇÁÓȢȱ

Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ

Ȱ4ÈÅÒÅÆÏÒÅȟ ) ×ÉÌÌ  ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈ ÏÒ ) ×ÉÌÌ ÖÉÓÉÔ 
,ÁÓ 6ÅÇÁÓȢȱ

Corresponding Tautology:
pᴼ p ᷉ q)



Simplification

Example :
Let pÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ
Let qÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ %ÎÇÌÉÓÈ ÌÉÔÅÒÁÔÕÒÅȢȱ

Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈ ÁÎÄ %ÎÇÌÉÓÈ ÌÉÔÅÒÁÔÕÒÅȱ

Ȱ4ÈÅÒÅÆÏÒÅȟ ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ

Corresponding Tautology: 
(p q᷈  ᴼp



Conjunction

Example :
Let pÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ
Let qÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ %ÎÇÌÉÓÈ ÌÉÔÅÒÁÔÕÒÅȢȱ

Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ
Ȱ) ×ÉÌÌ ÓÔÕÄÙ  %ÎÇÌÉÓÈ ÌÉÔÅÒÁÔÕÒÅȢȱ

Ȱ4ÈÅÒÅÆÏÒÅȟ ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈ ÁÎÄ ) ×ÉÌÌ ÓÔÕÄÙ 
%ÎÇÌÉÓÈ ÌÉÔÅÒÁÔÕÒÅȢȱ

Corresponding Tautology:
((p)᷈ q  ᴼp ᷈  q)



Resolution

Example :
Let pÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈȢȱ
Let r ÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ %ÎÇÌÉÓÈ ÌÉÔÅÒÁÔÕÒÅȢȱ
,ÅÔ Ñ ÂÅ Ȱ) ×ÉÌÌ ÓÔÕÄÙ ÄÁÔÁÂÁÓÅÓȢȱ

Ȱ) ×ÉÌÌ ÎÏÔ ÓÔÕÄÙ ÄÉÓÃÒÅÔÅ ÍÁÔÈ ÏÒ ) ×ÉÌÌ ÓÔÕÄÙ %ÎÇÌÉÓÈ ÌÉÔÅÒÁÔÕÒÅȢȱ
Ȱ) ×ÉÌÌ ÓÔÕÄÙ  ÄÉÓÃÒÅÔÅ ÍÁÔÈ ÏÒ ) ×ÉÌÌ ÓÔÕÄÙ ÄÁÔÁÂÁÓÅÓȢȱ

Ȱ4ÈÅÒÅÆÏÒÅȟ ) ×ÉÌÌ ÓÔÕÄÙ ÄÁÔÁÂÁÓÅÓ ÏÒ ) will study English 
ÌÉÔÅÒÁÔÕÒÅȢȱ

Corresponding Tautology:
((¬ p ᷉  r ) ᷈ p ᷉  q  ᴼq ᷉  r)

Resolution plays an important role 
in AI and is used in Prolog.



Using the Rules of Inference to 
Build Valid Arguments
·A  valid argument is a sequence of statements. Each statement is 

either a premise or follows from previous statements by  rules of 
inference. The last statement is called conclusion.

·A valid argument takes the following form:
S1

S2

.

.

.

Sn

C



Valid Arguments
Example 1: From the single proposition 

Show that q is a conclusion.

Solution :



Valid Arguments
Example 2:

· With these hypotheses:

Ȱ)Ô ÉÓ ÎÏÔ ÓÕÎÎÙ ÔÈÉÓ ÁÆÔÅÒÎÏÏÎ ÁÎÄ ÉÔ ÉÓ ÃÏÌÄÅÒ ÔÈÁÎ ÙÅÓÔÅÒÄÁÙȢȱ

Ȱ7Å ×ÉÌÌ ÇÏ Ó×ÉÍÍÉÎÇ ÏÎÌÙ ÉÆ ÉÔ ÉÓ ÓÕÎÎÙȢȱ

Ȱ)Æ ×Å ÄÏ ÎÏÔ ÇÏ Ó×ÉÍÍÉÎÇȟ ÔÈÅÎ ×Å ×ÉÌÌ ÔÁËÅ Á ÃÁÎÏÅ ÔÒÉÐȢȱ

Ȱ)Æ ×Å ÔÁËÅ Á ÃÁÎÏÅ ÔÒÉÐȟ ÔÈÅÎ ×Å ×ÉÌÌ ÂÅ ÈÏÍÅ ÂÙ ÓÕÎÓÅÔȢȱ

· Using the inference rules, construct a valid argument for the conclusion:

Ȱ7Å ×ÉÌÌ ÂÅ ÈÏÍÅ ÂÙ ÓÕÎÓÅÔȢȱ

Solution : 

1. Choose propositional variables:

pȡ Ȱ)Ô ÉÓ ÓÕÎÎÙ ÔÈÉÓ ÁÆÔÅÒÎÏÏÎȢȱ      r ȡ Ȱ7Å ×ÉÌÌ ÇÏ Ó×ÉÍÍÉÎÇȢȱ  t : Ȱ7Å ×ÉÌÌ ÂÅ ÈÏÍÅ ÂÙ ÓÕÎÓÅÔȢȱ

q ȡ Ȱ)Ô ÉÓ ÃÏÌÄÅÒ ÔÈÁÎ ÙÅÓÔÅÒÄÁÙȢȱ     s  : Ȱ7Å ×ÉÌÌ ÔÁËÅ Á ÃÁÎÏÅ ÔÒÉÐȢȱ 

2. Translation into propositional logic:

Continued on next slideĄ



Valid Arguments
3.  Construct the Valid Argument 


