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Chapter Summary

Relations and Their Properties

n-ary Relations and Their Applications (not currently
Included in overheadp

Representing Relations

Closures of Relations ot currently included in
overhead$

Equivalence Relations
Partial Orderings
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Section Summary

Relations and Functions

Properties of Relations

- Reflexive Relations

- Symmetric and Antisymmetric Relations
- Transitive Relations

Combining Relations
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Binary Relations

Definition: A binary relation Rfrom a setA to a setB
is a subseRP Ax B.

Example:
. Let A ={0,1,2} and B ={a,b}
- {(0,a), (0,b), (1,8, (2,b)} is arelation from A to B.
- We can represent relations from a sefA to a setB
graphically or using a table:

L where exactly one element ofB is
~? related to each element ofA.

N\ P Relations are more general than
' o [ x x functions. A function is a relation
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Binary Relation on a Set

Definition: A binary relation Ron a set Ais a subset
of A x A orarelation from Ato A.

Example:

- Suppose that A ={a,b,¢. ThenR ={(a,a),(a,b), (a,0)} is
a relation on A.

. Let A={1, 2, 3, 4 The ordered pairs in the relation
R ={(a,b) | adivides 4} are

(1,1), (1, 2), (1,3), (1, 4), (2, 2), (2, 4), (3, 3), and (4, 4).
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Binary Relation on a Setont.)

Question : How many relations are there on a seA?

Solution : Because arelation orA is the same thing as a
subset of A A A, we count the subsets ofA x A. Since

A x A hasn? elements whenA hasn elements, and a set
with m elements has2™ subsets, there are2|A|2 subsets of
A x A. Therefore, there arezlAl2 relations on a SeA.



Binary Relations on a Seb(t)

Example : Consider these relations on the set of integers:
Ri={@b)|a 4} R,={(ab)| a= 4},
R,={(ab) | a> 4}, Rs={(ab) | a= b+1},
R.,={(ab)|a=bora= A Rs={@b)|a+b o 8

Note that these relations are on an infinite set and each of these relations is an
infinite set.

Which of these relations contain each of the pairs
pho hi ohic h —ch o h p h o h
Solution : Checking the conditions that define each relation, we see

that the pair (1,1) isin R, R;, R,, andRy: (1,2) is InR; and Ry: (2,1) is in
R,, R, and Ryd, P h R,R;, andRp: (22) is iInRy, R;, and R,.
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Reflexive Relations

Ris reflexiveiff (a,a) ¢ Rfor every element
a?® A.Written symbolically, R is reflexive if and only if

Example : The following relations on the integers are

e

A,

If A then the empty relation is
reflexive vacuously. That is the empty
relation on an empty set is reflexive!

The following relations are not reflexive:

Definition:
I x[xoU X, X
reflexive:
Ri={(@b)|a b},
R;={(ab)| a= b or a=
R,={(ab)| a= 4.
R,={(&b)|a> b
R={(@ab)la=b p
Rs={(ab)| a+b 0]

1T OA OEAO

O: "m0
1T OA OEAO o
FELEOA OFEAO 1

)

h
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Symmetric Relations

Definition: Rissymmetriciff (b,a) ¢ Rwhenever (a,b) ¢ R
forall a,b® A. Written symbolically, Ris symmetric if and
only if

I y[(xy R* yx R
Example : The following relations on the integers are

symmetric:
={(ab)|a=bora= A
={(ab) | a= 4}

Ri={(ab)|a+Db o 8

The following are not symm tric:

={(ab)|a » [ OA OEAD @ THVAC)
:{(a,b) a> b ' OA OEAO T oh A
R.={(ab)|a= b D 1T OA OFEAO T o




AntisymmetricRelations

Definition :Arelation Ron a setA such thatforall a,b® A if
(a,b) ¢ Rand (b,a) ¢ R, then a = b is called antisymmetric.
Written symbolically, R isantisymmetric if and only if

X yl(xy R® yx RV x=y]

Example : The following relations on the integers are
antisymmetric:

R={(ab)la b} < For any integer, ifaa band
R,={(ab) | a> 4}, a b,thena=>at.
R,={(ab) | a= 4},
R.={(a,b)| a= b+ 1}.
The following relations are notantisymmetric:
R;={(ab)|]a=bora= A

Rs={(ab)| a+b o
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Transitive Relations

Definition: A relation Ron a setA is called transitive if
whenever @,b) ¢ Rand (b,c) ¢ R, then (a,c) ¢ R, forall a,b,c? A.
Written symbolically, R s transitive if and only if

Ixtyl z[(xy R?® yz Rz R
Example : The following relations on the integers are transitive:

Ri=1@b)la b < For every integer,a b
R,={(ab)| a> 4}, | andb c,thenb c.
R;={(ab)| a= bora= A,
R,={(ab) | a= 4}
The following are not transitive:

={(a,b) | a= b+ 1} (note that both (3,2) and (4,3) belong toR.,

ut not (3,3)),
R={(ab)|a+b o 171 OA OEAO Ai OER,but hp

not (2,2)).
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Combining Relations

Given two relations R, and R,, we can combine them
using basic set operations to form new relations such
asR, R R R R R andR R

Example: LetA={1,2,3tand B={1,2,3,4. The
relations R, = {(1,1),(2,2),(3,3)} and

R, ={(1,1),(1,2),(1,3),(1,4)} can be combined using
basic set operations to form new relations:

R, R={(1,1,(1,2),(1,3),(1,4),(2,2),(3,3)}
R, R={(1,1)} R, R;={(2,2),(3,3)}
R, R;={(1,2),(1,3),(1,4)}
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Composition

Definition: Suppose
- Ry Is arelation from a setA to a setB.
- R, Is arelation from B to a setC.

Then the composition (or composite of R, with R;, Is a
relation from Ato Cwhere

- 1f (x,y) Is a member ofR; and (y,z) is a member ofR,,
then (x,z) iIs a member ofR,Z2 R;.



%-e 1t
- Relation

S —

Ri% R, ={(b,D),(b,B)}
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Powers of a Relation

Definition: Let Rbe a binary relation on A. Then the
powersR" of the relation R can be defined inductively by:

. Basis StepR! =R

. Inductive Step: R™*1 =R"Z R

(see the slides for Sectio@.3 for further insights)
The powers of a transitive relation are subsets of the
relation. This is established by the following theorem:

Theorem 1: The relation Ron a setA Is transitive iff
R'P Rforn=1,2,38 8

(see the text for a proof via mathematical inductioh
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Representing Relations using Matrices
Representing Relations using Digraphs
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“Representing Relations Using
Matrices

A relation between finite sets can be represented using a
Zero-one maitrix.

SupposeR s a relation from A = {a,, a,h & Jto
B = {b,, b,h bﬁ}h
. The elements of the two sets can be listed in any particular
arbitrary order. When A = B, we use the same ordering.
The relation R is represented by the matrix
Mg = [m;], where

_ 1if (a;,b;) € R,
T = {Olf( bR

The matrix representing R has al as its (,J) entry when &
Is related tob, and a0 If g, Is not related to b,



“Examples of Representing
Relations Using Matrices

Example 1. Suppose thatA = {1,2,3} and B={1,2}. Let
R be the relation from A to B containing (a,b) if aN A,
bN B, anda>Db. What is the matrix representing R
(assuming the ordering of elements Is the same as the
Increasing numerical order)?

Solution: BecauseR = {(2,1), (3,1),(3,2)}, the matrix is

0 0
A D]
1]



~Examples of Representing
Relations Using Matricesqnt.)

Example 2: Let A = {a,,a,, a;} and B = {b,,b,, b3,b,, b}
Which ordered pairs are in the relation R represented

by the matrix

Solution: BecauseR consists of those ordered pairs
(a;,b) with m; = 1, it follows that:

—_
G et
== O
D ] ot
— o O

R={(a;,b,), (as by),(a,, b3), (a5, by),(a3, by), {(as, bs), (as, bs)}.



Matrices of Relations on Sets

If Ris a reflexive relation, all the elements on the main
diagonal of My are equal to1.

Ris a symmetric relation, if and only if m; =1
wheneverm; = 1. Ris anantisymmetric relation, if
and only if m; =0 orm; =0when i |.



